K{z,w)=^k (u(z,w) ). 7er
(In fact weaker conditions on k suffice in the following discussion, see [3] , [10] , but are not needed here). Let {^} denote a complete set of eigenfunctions of the Laplacian in ^(F^), orthonormal with respect to the Petersson inner product
(f.g}-I f{zW^z

Jr\f)
for d^z the invariant measure y~2 dxdy^ with A<^-= Xj^pj for \j = ^ 4-r'j > 0.
The spectral theorem gives a decomposition of K as (
1.2) K(z^w) =^h(r,)^(z)^(w) j
where k(u) and h(r) are linked by the Selberg/Harish-Chandra transform, denned by where h is holomorphic in |Imr| < ^ + e, is even in r, and decays as h(r) < (|r| +1)~6 for ^ > 2 (see [3] , [10] ). Note that there are finitely many complex Tj, corresponding to eigenvalues below -these include Ao = 0 and possibly Ai. Selberg's trace formula is now proved by evaluating the trace A geodesic is called primitive when it closes at the first opportunity, that is, the corresponding conjugacy class is not a power of another.
Evaluating using these ideas the Selberg trace formula in our case of totally hyperbolic groups can be written d. 5) E logp E m^1 = E ^-) -Woi(r^)_^--or-
where P ranges over primitive closed geodesies. This has been used both to give a Weyl law for the spectrum of A, (1) (2) (3) (4) (5) (6) #{r.\r^R}^°^R4 7T and to count primitive closed geodesies of restricted length:
(i.n E 10^-E ^+o(^).
P<X 0<ir,<^ 2 "^J
(Due to Selberg. Such a result is known as a prime geodesic theorem; see [2] , [3] , [5] and [8] for details, stronger versions, and connections with quadratic forms).
To introduce pairs of closed geodesies we use two variable versions of (1.2) and (1.3), providing a double sum over the group, and calculate a trace analogous to (1.4) to see the interactions between these pairs. The principal result of the paper is the following theorem: 
-00 J -00
G^i^2) = --I I ^(ri^e-^-^drid^.
4^ 7-00 7-00
On the geometric side the new information here is encoded in the structure of the integrals appearing. These are of elliptic type, becoming unbounded as'^-»0 or ?-)•() in typical choices of Q. On average, then, the theorem restricts the degree to which very small intersection angles or very short common perpendiculars can occur, since the spectral side can be evaluated asymptotically for "nice" choices of Q. The complication is that the integrals depend not only on ^ or p, but on a function of the lengths of the closed geodesies and the interaction. This is to be expected, as can be seen by considering the intersection angles of closed geodesies in the analogous case of the torus Z^R 2 . Closed geodesies on Z^IR 2 occur ( 2 ) The restriction to compact support can surely be weakened to some polynomial decay of Q and its first derivatives, but this is not necessary for our applications here. hus a small angle of intersection requires that at least one of the geodesies is long. The negative curvature, non-abelian case of F\f) is more complex; the lengths of individual primitive closed geodesies are not simply calculated, and two primitive closed geodesies will probably not repeat an intersection angle, nonetheless Theorem 1 controls the interactions on average.
In the case of intersection points the moduli of the elliptic integrals has a geometric interpretation. Geodesic polar coordinates (p, (/?) are defined for f) (see [3] ) by considering any z € f) as lying on a unique geodesic passing through i at an angle y? e [0, 27r) from the vertical, at a distance p G [0, oo) from %. Linking p with u as above we can construct a tangent plane to ^ at i as the euclidean plane with polar coordinates (^/u,</?). By translation this clearly also defines a tangent plane at an arbitrary w € ^), which descends naturally to a tangent plane to F\f) under the covering map. If two closed geodesies Pi and P^ cross at z at an angle ^, then they are the images under the covering map -Q -> F\,Q of two geodesic segments in ^ of lengths log pi and logp2 respectively, crossing at their midpoints at the same angle ^. The corresponding trajectories in the tangent space are euclidean line segments of lengths d{p^)^d{p'z) respectively, crossing at their midpoints at an angle of '0. There is a unique euclidean ellipse (see Fig. 1 ) passing all four endpoints parallel to the other line segment, and the modulus of the integral appearing in Theorem 1 is precisely the eccentricity of this ellipse. This is given by
where
i9 is the angle of intersection. Let JC^(P^,P^) denote the set of such eccentricities. For each common perpendicular of length p we define the eccentricity K C [1/\/2,1) by analogy:
and let ^€2(^15-^2) denote the set of such eccentricities.
With these definitions we have our first corollary, which is essentially an extraction of an asymptotic form of Theorem 1.
COROLLARY 1. -Let F denote the elliptic integral of the first kind da F(^K)= I Jo
and let pi be |n|ifAi=^+r^<^,0 otherwise.
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Then for X > 1 we havê
where the summations are over all closed geodesies satisfying the restriction, and the integral in the second sum is understood to vanish if^ is such that sec" 1 is not denned.
Note that as remarked above, if i9 or p tends to 0 then the integrals tend to the complete elliptic integral of modulus 1, which is divergent. Corollary 1 can thus be seen as restricting the average behaviour of the interactions. It is interesting to speculate, however, that the arguments of the integrals should have some geometric and/or physical interpretation related to the global structure of the sum, although we make no progress in this direction here.
To consider an individual pair of geodesies it is more efficient to return to Theorem 1 using a different choice of test function Q, noting that an interaction of a general pair of closed geodesies must also be an interaction of a pair of primitive such. We prove the following corollary: 
Note that this result says nothing about short closed geodesies, and indeed is in some sense weaker than Corollary 1, since statements about individual cases have been deduced from an average. In fact if one wishes to consider only individual ^ or p then the lower bounds here are not as strong as can be proved by other methods (see [1] ).
The approach to these results, loosely speaking, is the following. Given a function ^1(^1,^2) of compact support in [0, oo) x [0, oo), a two-variable version of the Selberg/Harish-Chandra transform can be defined by
-00 */-00 and the expression
an be expanded both spectrally and geometrically. This initially produces a more general but less convenient theorem, a special case of which was discussed in [6] . It is worth noting that an apparent approach to these theorems would be to expand one of the automorphic kernels into spectral data and to use the more usual conjugation of F to expand the second. In fact this method does not seem to work well since the spectral sum remaining must be treated geometrically also, and it is not as simple to do this a second time. While this can surely be done in principle the route appears more complicated. Note however the work ofZelditch [II] , where the trace is of an automorphic kernel against a single eigenfunction, and produces integrals of this eigenfunction along closed geodesies.
The spectral trace.
Using (1.2) for both sums over the group we have an expansion
which is absolutely and uniformly convergent. Term-by-term integration gives
giving the main expression on the spectral side of Theorem 2.
Decomposition into conjugacy classes.
Each of the two sums over group elements includes the identity; considering this separately in each sum by inclusion and exclusion and noting that u(z^ z) = 0 we obtain TY2(r,fci)= / ^ fci(n(^^iz),n(^^)d^-A;i(0,0)Vol(r\^) r\^ 91,92^1
The first integral, which we denote Tr^(r, k^) has all the new information since the last two terms can (and will) be considered using the Selberg trace formula (1.5).
Consider conjugation of F x F -{(J, I)} by F:~l 
This decomposes T x T -{(J, I
)} into conjugacy classes {(pi, g^ )}, for which n^2 ^ F give the same conjugate of (^i, ^2) ii and only if o'r^i^^r^Ti) = c^"
. This is equivalent with r-^r^1 commuting with both g^ and p2? m other words r\r^ is an element of the joint centraliser Y{g^,g^). Thus from the point-pair invariance of u we obtain
here * indicates that neither <yi nor g^ is the identity.
PAIRS OF CLOSED GEODESICS 11
There are now distinct situations to be considered. If g\ and gĥ ave the same fixed points then r( (71,^2) is simply the centraliser F(^i) corresponding to a primitive element with the same fixed set. If they do not, then no non-trivial element commutes with both and the integration is over all of f). We analyse the integral accordingly in the following sections.
The case of equal fixed points.
This case is very similar to that in the proof of the trace formula, since if g\ and g^ have the same fixed points then they are both powers of the same primitive element. Representatives of all such conjugacy classes can now be chosen as (P 771 ,? 72 ) where P varies over primitive conjugacy classes as above and m, n ~^-0. If P has fixed points a and f3 then we can choose T e PSL2(R) to map these to 0 and oo, by T: z ^-> (z -a)/(z -f3) or a translation in the case one is already oo. In either case T~lP m T maps z ^ p ±m z, and using a variable change z ^-> Tz in the integral and the point-pair invariance of u the total contribution from all such classes is 
The case of differing fixed points.
Two hyperbolic elements of a Fuchsian group sharing a fixed point must share both (see [4] ), so if g\ and g^ do not have the same fixed pair they must have fixed points ai, /?i and 02, /?2 respectively, all four mutually distinct. Thus the contribution from all cases not handled in §3 is where Pi and P2 are as above and * indicates that r~^P^r does not have the same fixed points as Pi, which is equivalent to saying that r is not the identity if Pi = ?2. Note that this expression is symmetric in Pi and ?2 by a variable change in the integral and the point-pair invariance of u. The sums over Pf 1 ,?^ can be viewed as being over closed geodesies on F\^, with m = n = 1 being the case where both are primitive; however we still require a geometric interpretation of the remaining sum over r.
Cross-ratio and pairs of geodesies.
Here the terms "image" and "preimage" refer to the covering map -Q -^ r\^3. Let 7^ denote the geodesic in f) corresponding to g e F, and let 7^ denote the associated closed geodesic on r\^. For each pair FI.PZ we consider the sets <Si = {r c r(Pi)\r/r(P2): r^ n 7?, ^ 0}, S2 = {r e r(Pi)\r/r(P2): r^ n 7?, = 0}
and will show that these correspond respectively to intersections and common perpendiculars of 7^ and 7^. Note that any element of<?i defines a unique point z in ^, and that any element of S^ defines a unique geodesic segment in ^ meeting 7?^ and r^p^ orthogonally. Consider now <$2. If ^* of length p is a common perpendicular of 7â nd 7^ then we may lift ^* and a neighbourhood of it in F\f) (including the base points) to a geodesic segment i of length p and a neighbourhood of it in ^3. The preimages of the segments of 7^ and 7^ may be continued to give translates of 7?^ and 7?^, and as above we may translate f) to suppose that the translate of 7?^ is 7?^ itself. By noting that if two translates of 7?2 differ only by an element of F(Pi) on the left then the common perpendiculars descend to the same common perpendicular on Y\^ we now have a surjective map u(z, g^z),u(z, g^z) ) dp,z Jf)
where pi and g^ have distinct endpoints. The well-known cross-ratio of four points on R U {00} is defined by
and we will speak of the cross-ratio of 7^ and 7^3 as being
where a^ft are the four endpoints as above. The four points are distinct so that the cross-ratio is neither zero nor infinite, but lacking a convention as to which of the endpoints is larger this gives a valid definition only up to the ambiguity between ^ and ^- 1 . However it will be positive or negative as the geodesies do not, or do cross, respectively. As in §3 we may shift z^ and hence conjugate g\ and g^ to assume without loss of generality that the fixed points of g\ are 0 and oo. The fixed points of g^ are moved, but the cross-ratio of the four points has not changed. Using a second conjugation by a dilation z ^-> tz if necessary we may now assume that the fixed points of p2 are 1 and ^, and in the case where the geodesies do not cross we may further assume that $ < 1. Thus we have one of the two situations shown (Fig. 2) below. 
his integral can be given another form, which makes the behaviour of d2 n(Pl)^d 2 t(p2) and $ more transparent in a qualitative sense. In the first case of crossing geodesies let The case of non-intersecting geodesies can be calculated in a similar manner, but the variable change requires a division of the integral into two parts, giving the expression (and factor of 2) in the theorem.
Collecting together (2.1), (3.1), (4.3), (5.2) and applying the results of this section for the more complicated expressions we have a preliminary version of Theorem 2. The final form is now proved by noting that the third and fourth terms of (3.1) supply, by the Selberg trace formula (1.5), the degenerate cases m = 0, n ^ 0 and m ^ 0, n = 0 of the expression in (4.3), together with 2A;(0,0)Vol(r\^).
Proof of Theorem 1.
Theorem 1 will follow now from Theorem 2 by using the choicê
where k(u) is C°° and compactly supported on [0, oo), so the double Selberg/ Harish transform ^(ri, r^) exists, and has the form given in the theorem, as can be seen from (1.8).
The first integral appearing on the geometric side of Theorem 2 can be reduced to that in Theorem 1 by a direct application of (1.3). The second two are rather more complicated. Using / (sin^+^F^))"^Ĵ o using integration by parts in i\ the boundary terms vanish, due to the compact support of Q. Dividing the inner integral in four parts and using r = tan^? we now obtain the integral as stated in Theorem 1.
The same variable change simplifies the last integral:
and J9(n), C'(zA) are the limits of the range where the radical in the integral is defined and real. By using ( for any A, B > 0, and should just one of them, say 7*1, be large we similarly obtain For the more complicated remaining expression we have the general bound Halloo < rj (see [8] ), so for T^T}, ^ 1 (I^-I'J^I 2 } <min(rJ,rl) < (r^)i.
The contribution from terms where either rj or r/c is greater than X l+€ y~l can thus be seen to be extremely small, say 0(X~1 00 )^ by taking A and/or B sufficiently large in (8.7) and (8.8 .r.Xhol'.bol 2 } = v^/ <?(')'» <!' ' y^ +"(^).
which will supply the main term in Corollary 1. The remaining terms where one or both of r^r^ are complex can be bounded using (1.6) and (8.4) by 0{X P1 ' }~1 +X 2+6 y -l ) since the inner product is absolutely bounded. Again using (1.6) we have E -J«©r^x^Y Q(€(P)+^(P)) Wp)+d^p)ĉ an be estimated as being well within the error terms already obtained; discarding geodesies shorter than 1 as contributing no more than 0(log 2 X), for larger values of log? the sum in n and m is 0(log 2 X/ log 2 ?), and hence the whole sum is 0(X 1^) by (1.7)
It remains to demonstrate that the geometric terms remaining have the structure shown. If we construct the geometric side of Theorem 1 for the characteristic function of [0, X] in place of Q then by positivity this is bounded above by the expression in Theorem 1 for Q as above, and bounded below by the analogous expression for X -Y in place of X. Changing X to X -V in the above analysis does not affect the estimates obtained, so we may calculate the integrals using the characteristic function in place
